Abstract. We consider a class of Dirichlet series satisfying a functional equation with gamma factors. We define a generalized Dirichlet series, that is analogous to the generalized zeta-function of Riemann. An analytic continuation for these generalized series is derived, and a few simple properties are established. Secondly, we prove a theorem on the Abel summation of Dirichlet series that satisfy Hecke's functional equation.
1. Introduction. We consider here two somewhat related problems associated with Dirichlet series satisfying a functional equation with T-factors. Let cp(s) = l.n=io(n)X~s be a Dirichlet series satisfying Hecke's functional equation, where s=o+it with o and t both real, and a>oa, the abscissa of absolute convergence of cp. In [2] we defined for a ><ra and a > 0 the generalized Dirichlet series <p(s,a) = 2 a(n)(\n+a)-s, n = l which is analogous to the Hurwitz or generalized zeta-function of Riemann. We derived an analytic continuation for <p(s, a) and determined a few of its properties. In [3] we found an easier derivation of our analytic continuation. The method we used in [2] is used here to derive an analytic continuation and some simple properties for generalized Dirichlet series arising from Dirichlet series satisfying a much more general functional equation, but we do not, in general, obtain a simple formula for the analytic continuation of cp(s, a). In particular, we shall obtain a new and simple method of continuing the Hurwitz zeta-function £(s, a).
In the above problem we perturbed the Dirichlet series by replacing A" by Xn+a. Next, we consider a different type of problem where we perturb the series by multiplying the terms of the series by exp ( -An8), 8 > 0. As we shall see, our result can be interpreted as a modified form of Abel summation. Unfortunately, in this problem our method is only applicable to series which are solutions to Hecke's functional equation.
2. Notation, definition, and preliminary results. In the sequel we write z = x + iy with x and y both real. A always denotes a positive constant, not necessarily the same with each occurrence. The summation sign 2 appearing with no indices will always mean 2"= i-If b is real, we write jib) for jbb*\Z-We suppose that <pis) = 2 «(")*»"", "AM = 2 ^w are solutions of the functional equation 3. Generalized Dirichlet series.
Theorem 3.1. Let 9(5) satisfy (2.1) and let q>is, a), a>0,be its generalized Dirichlet series. Assume that the singularities of <p are poles. {The number of poles is finite, as they are contained in a compact set.) Let oa and a* denote the abscissas of absolute convergence of <p and </i, respectively. Choose c > sup (0, oa, 0*) such that the line x=r -c does not contain a pole q/T(z)<p(z). Let Ris, a) denote the sum of the residues of T(i-z)r(z)çj(z)a2 at the poles of r(z)<p(z) 777 the strip r -c<x<c.
Then, for where the inversion in order of summation and integration is justified by absolute convergence. We now move the line of integration to x = r -c by integrating around the boundary of the rectangle with vertices c±iY and r-c + iY and then letting 7 tend to oo. With the use of Stirling's formula and a Phragmen-Lindelöf theorem it is easy to show that the integrals over the horizontal sides tend to 0 as Y tends to oo. We arrive at for a> c, and for x > 0 let
Bochner [4] has shown that
where P(x) = ¿. foXÍs)x-ds, x(s) = Visais) and C denotes a curve, or curves, encircling the singularities of xOur next theorem is an easy consequence of (4.1). Examples. Suppose that /(s) = 2 airi)n~s is a Dirichlet series of signature (A, r, y) [8] , where A>0, r>0 and y= ±1. Then, Xn = pn = 2nnjX and />(«) = ya(«). Also, / has at most one simple pole, that at s = r with residue p, say. Replacing 27t8/A by 8, we find that (4.2) yields for all s, (4.8) fis) = lim ¡y airi)n-se'nô-pTir-s)8s-r\.
We give two illustrations of (4.8). Let rkiri) denote the number of representations
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use of n as a sum of k squares and consider Çk(s) = 2 rk(n)n s which has signature (2, \k, 1) and a simple pole at s = \k with residue nkl2. Thus, for all s, ik(s)= um |V rk(n)n-se-nô-7Tkl2T(^k-s)8s-kl2\.
Secondly, let r(n) denote Ramanujan's arithmetical function. Then, fi(s) = 2 r(ri)n~s has signature (1, 12, 1) and is entire. Hence, for all s, f(s) = lim 2 Án)n~se'n6.
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